Spacetime Thermodynamics with Contorsion by De Lorenzo, Tommaso et al.
Spacetime Thermodynamics with Contorsion
Tommaso De Lorenzo1, Elena De Paoli1,2 and Simone Speziale1
1 Aix Marseille Univ., Univ. de Toulon, CNRS,
CPT, UMR 7332, 13288 Marseille, France
2 Dip. di Fisica, Univ. di Roma 3, Via della Vasca Navale 84, 00146 Roma, Italy
(Dated: September 20, 2018)
We prove that a conserved effective energy-momentum tensor for Einstein-Cartan
theory can be identified from the Noether identities of the matter Lagrangian, using
the torsion field equations relating them. More precisely, a one-parameter family la-
belled by the Immirzi parameter. We use this result and the contorsion description to
show that Jacobson’s thermodynamical derivation of the Einstein equations follows
as in the metric theory, namely from the equilibrium Clausius relation and the fact
that a Killing horizon is metric-geodetic. Our derivation works for an arbitrary tor-
sion field. In the course of our discussion we review the laws of black hole mechanics
and their dependence on torsion.
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2I. Introduction
In a famous paper [1], Ted Jacobson proposed that Einstein equations could have a
thermodynamical origin, compatible with the thermodynamical interpretation of the laws
of black hole mechanics [2]. His argument, based on a geometric interpretation of Clausius
relation, has been later extended to include non-equilibrium terms and higher derivative
gravity theories [3–5], and more recently to spacetimes with non-propagating torsion, namely
Einstein-Cartan first-order gravity [6]. This last paper motivates the study presented here.
The main difficulty of extending Jacobson’s idea to Einstein-Cartan gravity is that there are
two sets of independent field equations to be derived: the torsion equations as well as the
Einstein equations proper. The authors of [6] show that it is possible to derive the latter
set for a special type of torsion, and by identifying the torsional terms as a non-equilibrium
contribution to Clausius relation. The torsion equations are not derived, and whether they
can have also a thermodynamical origin is left as an open question. In our paper we also do
not provide a derivation of the torsional equations, but we show that if they hold, the tetrad
Einstein equations can be derived without the need of non-equilibrium terms nor restrictions
on torsion. The technical result that allows us to achieve this is the identification of the
conserved energy-momentum tensor.
The last point is crucial: in Einstein-Cartan theory, there is no conserved energy-
momentum tensor that appears as source of the field equations. Nonetheless, if one restricts
to invertible tetrads (and this appears necessary to connect with the metric theory and the
familiar notions used in Jacobson’s argument), the connection can always be written as a
Levi-Civita one plus a contorsion tensor. Using this well-known decomposition, the tetrad
Einstein equations can be written as the Levi-Civita Einstein tensor on the left hand side,
and a torsion dependent effective energy-momentum tensor T eff on the right hand side. By
taking the Levi-Civita covariant derivate of both sides, the left one vanishes due to Bianchi’s
identities. This in turn implies the vanishing of the right hand side, allowing to identify the
conserved energy-momentum tensor also in the presence of torsion. For the thermodynami-
cal argument, on the other hand, one needs to identify a conserved energy-momentum tensor
without using the field equations, since these are to be derived. The first result of our paper
is to show that the conservation of T eff in the Einstein-Cartan theory can be derived without
using the tetrad field equations. The proof is simple although rather lengthy, and best done
using differential forms. It follows from the Noether identities of the theory, and requires
the matter and torsion field equations to be satisfied.
Our second result is to use this conserved energy-momentum tensor and the contorsion
description to show that the tetrad Einstein equations can be derived from the Clausius
relation with the same assumptions and hypothesis of the metric case [1], without the need
of the non-equilibrium terms and the restrictions on torsion used in [6]. This is possible
because the starting point of Jacobson’s argument, a Killing horizon associated with a locally
boosted observer, is a notion which is insensitive to the presence of torsion. In particular,
the generators of the Killing horizons follow the Levi-Civita geodesic equation. This turns
out to suffice to recover the tetrad Einstein equations from the equilibrium Clausius relation,
since the torsion terms are identified by the effective energy-momentum tensor. A further
advantage of our derivation is that it includes also the Immirzi term in the Einstein-Cartan
theory. Our results build on the discussion of [6], albeit with a critique of some of their
methods and results. Our title is motivated by this paper, and meant to stress the role that
the contorsion decomposition plays in the derivation.
3To complete our discussion, we also look at the laws of black hole mechanics in the
presence of torsion. The zeroth law is unaffected, and it can be proven exactly as in the
metric case, provided that the energy conditions are imposed on T eff . The first law on the
other hand depends on torsion. We consider here the ‘physical process’ version of the first
law [7], which is closely related to Jacobson’s argument run backwards. Using the same
contorsion decomposition as before, the formal expression of the first law is unchanged, but
the quantities appearing depend on torsion through the effective energy-momentum tensor.
The second law has a more marginal dependence, in the sense that torsion simply enters the
inequalities on the energy conditions required.
Finally we give in Appendix (C) a brief comparison of two slightly different versions of
Jacobson’s argument [1, 5], and present an alternative derivation technically closer to the
first law.
We use metric signature with mostly plus, and natural units G = c = ~ = 1.
II. Einstein-Cartan field equations and matter sources
Let us begin by briefly reviewing the field equations of Einstein-Cartan theory and the
contorsion decomposition. We refer the reader to [8] for more details, and to the Appendix A
for definitions and notation. We consider the following first-order action,
SEC(e, ω) =
1
16pi
∫
PIJKL
(
eI ∧ eJ ∧ FKL(ω)− Λ
6
eI ∧ eJ ∧ eK ∧ eL
)
, (1)
where
PIJKL :=
1
2γ
(ηIKηJL − ηILηJK) + 1
2
IJKL, (2)
and γ is the Immirzi parameter. We restrict attention to invertible, right-handed tetrads.
The action is then equivalent to first-order general relativity 1
SEP(g,Γ) =
1
16pi
∫
[
√−g(gµρgνσRµνρσ(Γ)− 2Λ) + 1
γ
˜µνρσRµνρσ]d
4x, (3)
with initially independent metric and connections, which are related to the fields of (1) by
the familiar formulas
gµν = e
I
µe
J
νηIJ , Γ
ρ
µν = e
ρ
IDµe
I
ν := e
ρ
I(∂µe
I
ν + ω
IJ
µ eJν). (4)
We collectively denote the matter fields as ψ, and consider a general matter Lagrangian
Lm(e, ω, ψ) := Lm(e, ω, ψ)d4x. Varying the matter action we have
δSm =
∫
δLm =
∫ (
2τµIδe
I
µ + σ
µ
IJδω
IJ
µ + Emδψ
)
e d4x, (5)
where Em denotes the matter field equations, and we defined the source terms
τµI :=
1
2e
δLm
δeIµ
= − 1
2e
δLm
δeνJ
eνIe
µ
J =: τ
J
νe
ν
Ie
µ
J , σ
µ
IJ =
1
e
δLm
δωIJµ
. (6)
1 Sometimes called Einstein-Palatini general relativity because proving its equivalence to general relativity
uses the Palatini identity.
4The sign choice in the definition of τ is not universal in the literature. We picked it this way
in analogy with the metric energy-momentum tensor T Γµν ,
T Γµν := −
2√−g
δLm(g,Γ)
δgµν
= −1
e
δLm(e, ω)
δeI(µ
eIν) = 2τ
I
(µeν)I , (7)
which coincides with the one of general relativity in the absence of torsion.
The field equations obtaining varying (1) and the matter action are
GµI(e, ω) + Λe
µ
I +
1
2γ
µνρσeαIRανρσ(e, ω) = 16pi τ
µ
I , (8a)
PIJKL
µνρσeKν T
L
ρσ = −16pi σµIJ . (8b)
Here
GµI(e, ω) :=
1
4
IJKL
µνρσeJνF
KL
ρσ (ω) = G
µν(e, ω)eνI (9)
is the first-order Einstein tensor, the Riemann tensor and curvature are related by
Rµνρσ(e, ω) = eµIeνJF
IJ
ρσ (ω), and T I := dωeI is the torsion. The first set (8a) contains
the ten Einstein equations, plus six redundant equations: although Gµν(e, ω) is not sym-
metric a priori, it is easy to show that the Noether identity associated with invariance of the
action under internal Lorentz transformations (see (31a) below) implies that the equations
for Gµ[IeJ ]µ are automatically satisfied. The relevant content of (8a) is therefore just its
symmetric part, which in turn gives the Einstein’s equations
Gµν(e, ω) + Λgµν +
1
2γ
(µ
λρσRν)λρσ(e, ω) = 8pi T
Γ
µν , (10)
or equivalently as functions of (g,Γ) via (4).
In the following, we will refer to (8a) or (10) as Einstein’s equations (in the presence
of torsion), to be distinguished from the torsion Einstein-Cartan equations (8b), or torsion
equations for short. It is often convenient to write the field equations using the language
of differential forms, as we did in the action (1). To that end, we use the Hodge dual ?
mapping p-forms to (4−p)-forms (see Appendix A for conventions). This allows us to define
the Einstein 3-from
?GI(ω) := −1
2
IJKLe
J ∧ FKL(ω), (11)
where the opposite sign with respect to (9) is a consequence of Lorentzian signature, and
equivalently the dual source forms ?τI and ?σIJ . The field equations (8) then read
?GI(ω) + Λ ?eI − 1
γ
eJ ∧ FIJ(ω) = 16pi ?τI , (12a)
PIJKL e
K ∧ TL = 8pi ?σIJ . (12b)
A. The contorsion tensor
Although connections form an affine space with no preferred origin, the presence of an
invertible tetrad suggests a natural origin: the Levi-Civita connection ωIJµ (e) associated with
5the tetrad. We can then always decompose an arbitrary connection into Levi-Civita plus a
contorsion tensor CIJµ as
ωIJµ = ω
IJ
µ (e) + C
IJ
µ . (13)
Torsion and curvature are related to the contorsion as follows:
T I = CIJ ∧ eJ , (14)
F JK(ω) = F JK(e) + dω(e)C
JK + CJM ∧ CMK = F JK(e) + dωCJK − CJM ∧ CMK , (15)
where dω(e) is the exterior derivative with respect to the Levi-Civita connection. Plugging
this decomposition into the field equations we find
?GI(e) + Λ ?eI = 16pi ?τI + PIJKL(dω(e)C
JK + CJM ∧ CMK), (16)
PIJKLe
K ∧ CLM ∧ eM = 8pi ?σIJ . (17)
The fact that the field equations for the Einstein-Cartan theory can be recasted as in
(16) is the source of an old debate in the literature about the role of torsion [9]: if we
forget about the notion of affine parallel transport defined by ωIJ , and use simply the one
defined by ωIJ(e) in the sector of invertible tetrads, then the theory is indistinguishable
from ordinary metric theory with some non-minimal matter coupling. The non-minimality
is captured by the effective energy-momentum tensor sourcing (16), i.e.
?τ effI := ?τI +
1
16pi
PIJKL(dω(e)C
JK + CJM ∧ CMK). (18)
While we take no stand in the debate, we will heavily use this fact in the thermodynamic
discussion below. Before getting there, we need to review in the next Section the relation
between the conservation of the energy-momentum tensor and the Bianchi identities.
For convenience of the reader, we report the relation between torsion and contorsion in
tensor language,
T ρµν := e
ρ
I T
I
µν = −2C[µ,ν]ρ = 2Γρ[µν], (19)
Cµ,νρ =
1
2
Tµ,νρ − T[ν,ρ]µ, C(µ,ν)ρ = T(µ,ν)ρ. (20)
The Einstein equations (8a) read
Gµν(e) + Λgµν = 8pi T
eff
µν , (21)
T effµν = 2τ
I
(µeν)I +
1
16pi
(
6gα(µδ
αρσ
ν)γδ −
2
γ
gγ(µν)δ
ρσ
)( e
∇ρCσ,γδ + Cρ,γλCσ,λδ
)
. (22)
We refrained from expanding the completely antisymmetric δαρσνγδ since no useful simplifica-
tion occurs. Notice that for a given contorsion we have a 1-parameter family of conserved
energy momentum tensors, labeled by the Immirzi parameter. Finally, using the torsion
equations, T eff can be seen to be linear in the source tensor of the Einstein equations, and
contain derivative and quadratic terms in the source tensor of the torsion equations.
6III. Noether identities and conservation laws
The gravity action (1) is invariant under internal Lorentz transformations
δλe
I = λIJe
J , δλω
IJ = −dωλIJ , (23)
as well as diffeomorphisms,2
δξe
I = £ξe
I = deIyξ + d(eIyξ) = dωeIyξ + dω(eIyξ)− (ωIJyξ)eJ , (24a)
δξω
IJ = £ξω
IJ = dωIJyξ + d(ωIJyξ) = F IJyξ + dω(ωIJyξ). (24b)
Specializing the variation of the action (1) to (23) and (24) respectively, and integrating by
parts, one obtains the following Noether identities,3
PIJKLe
K ∧ FLM ∧ eM = PIJKLeK ∧ dωTL, (26a)
dω(PIJKLe
J ∧ FKL) = PIJKLT J ∧ FKL. (26b)
These are nothing but contracted forms of the Bianchi identities dωF IJ = 0, dωT I = F IJ∧eJ .
Using the field equations (12) in (26) one finds additional relations for the matter sources,
dω ?σIJ = 2 ?τ[I ∧ eJ ], (27a)
dω ?τI =
1
2
F JKyeI ∧ ?σJK + T JyeI ∧ ?τJ . (27b)
These matter Noether identities can also be derived without reference to the field equations
(12): they follow from invariance of the matter action (5) under (23) and (24), on-shell of
the matter field equations. See [8, 10, 11] for more details.
Recall now that, in the metric formalism, invariance of the matter Lagrangian under
diffeomorphisms guarantees the conservation of the energy-momentum tensor,
δξLm = d(Lmyξ) ⇒ ∇µT µν = 0, (28)
on-shell of the matter field equations. In the first-order formalism with tetrads, the energy-
momentum tensor does not appear immediately in the field equations: the closest object we
have is the source τ of the Einstein’s equations (8a). This quantity is however not conserved,
as we can see from (27b), whose right-hand side does not vanish on-shell. Nevertheless,
although τ is not conserved, it is easy to identity an effective energy-momentum tensor
which is conserved, thanks to the contorsion decomposition (16). If we take the Levi-Civita
2 Note that the Lie derivatives (24) are not gauge-covariant objects. It is often convenient to consider the
linear combination of transformations Lξ = £ξ + δωyξ which is covariant.
3 To obtain (26a), we used the identity (B.6) below. For the reader’s convenience, we report the identities
also in the more common γ-less case,
?G[I ∧ eJ] = −1
2
IJKLe
K ∧ dωTL, dω ?GI = −1
2
IJKLT
J ∧ FKL. (25)
7exterior derivative dω(e) on both sides of (16), the left-hand side vanishes identically. This
in turns implies the vanishing of the right-hand side, which gives a local conservation law
dω(e)τ
eff
I = 0 (29)
valid also in the presence of torsion. Equivalently in terms of tensors, the object with
vanishing (Levi-Civita) divergence is T effµν as defined in (22), and it provides the conserved
energy-momentum tensor of the theory.4 This simple observation is well-known in the liter-
ature, see [12, 13, 26] (where it is referred to as ‘combined energy-momentum tensor’), and
can be taken to provide the basis of energy conservation in Einstein-Cartan theory.
For later purposes, we are interested in whether it is possible to derive the conservation
law (29) without using the Einstein’s equations. This is a bit of a strange question if one
starts from an action principle, but it is crucial to Jacobson’s thermodynamical argument,
where this is not the case. We could not find the answer to this question in the literature,
which turns out to be affirmative. The result is the following:
Proposition 1: The matter Noether identities (27) on-shell of the matter and torsion
field equations imply the conservation law for the effective energy-momentum tensor (29).
The proof is a somewhat lengthy exercise in algebraic identities, and we leave it to
Appendix 2. We also looked for a stronger result, namely whether (29) also holds without
imposing the torsion equation, but we did not succeed. The proof in the Appendix (B)
shows explicitly the step in which we use the torsion field equation. To give an idea of what
happens, using the contorsion decomposition (27) can be combined to give
dω(e)
(
?τI +
1
2
CJKyeI ?σJK
)
=
1
2
(
F JK(ω)yeI +£eICJK
)
∧ ?σJK (30)
(an expression for the Noether identities which appears for instance in [27]), and using the
torsion field equation the right-hand side reduces to dω(e) of a 3-form.
In tensorial language, the Noether identities for a generic gauge and diff-invariant La-
grangian density L read (see e.g. [11])
Dµ
δL
δωIJµ
+
δL
δe
[I
µ
eµJ ] = 0, (31a)
δL
δωIJµ
F IJνµ (ω) +
δL
δeIµ
T Iνµ − eIνDµ
δL
δeIµ
= 0, (31b)
on-shell of the matter field equations. For the Lagrangian density in (1), these give respec-
tively contractions of the algebraic and differential Bianchi identities,
2R[µν] = −∇ρT ρµν − 2∇[µT ρν]ρ + T ρρσT σµν , (32)
∇νGνµ = T ρµσRσρ − 1
2
T νρσR
ρσ
µν , (33)
4 An alternative ‘conservation law’ using the full connection would be of little practical meaning, because
it would not lead to hypersurface quantities independent of the choice of space-like slice. Another way to
identify this conserved object is to solve the torsion equation – which in the case of Einstein-Cartan is
simply algebraic since torsion does not propagate, and plug the solution back into the action. Varying the
resulting matter action with respect to the tetrad then immediately gives the effective energy-momentum
tensor (22).
8from the γ-less terms, and
ανρσRµνρσ = 
ανρσ(∇νTµ,ρσ + Tµ,λνT λρσ), (34)
αβρσ∇βRµνρσ = αβρσT λβρRµνσλ (35)
for the part in 1/γ. As for the matter action,
Dµ(eσ
µ
IJ) = −2eτµ[IeJ ]µ, (36)
Dµ(eτ
µ
I) = ee
µ
I
(
1
2
F JKµν σ
ν
JK + T
J
µντ
ν
J
)
. (37)
IV. Einstein equations from thermodynamics
We now come to the main motivation for our paper: show that Proposition 1 allows us
to run Jacobson’s argument with the usual equilibrium assumptions. To better appreciate
our point, let us briefly recall the key steps of the metric case, referring the reader to [1] for
more details.
A. The metric case
Consider an arbitrary metric gµν on a manifold, a point P and a neighbourhood suf-
ficiently small for spacetime to be approximately flat. Denote by ξµ the future-pointing
(approximate) Killing vector generating a Rindler horizon H within the approximately flat
region, with bifurcating surface B through the point P . This is by construction hypersurface
orthogonal, null at the horizon but not outside, and vanishing at B:
ξ2
H
= 0, ∂µξ
2 =: −2κ ξµ, ξµ B= 0. (38)
Since it is Killing, it is also geodesic,
ξν
e
∇νξµ = −1
2
∂µξ
2 = κ ξµ. (39)
The inaffinity κ can be proven to be constant on the horizon, and it is usually referred to as
the horizon surface gravity. For a Rindler horizon, constancy of κ follows immediately from
the vanishing of the Riemann tensor.5 It is useful to introduce an affine parameter λ along
the null geodesics, with origin at the point P . It can be easily shown that
ξµ = −λκ lµ, lµ∂µ = ∂λ. (40)
5 For a stationary black hole horizon, this is the content of the zeroth law of black hole mechanics. This
was proved using the Einstein’s equations and the dominant energy condition [2], although in principle
one could just require the analogue of the dominant energy condition directly on the Ricci tensor, as done
in the generalization to isolated horizons [14].
9Bξ
µ
Tµν
FIG. 1: The set-up thermodynamical derivation of Einstein’s equation as proposed in [1]. Local flat-
ness allows to consider approximate Rindler observers ξµ around any point P of a given spacetime.
The associate Rindler horizon has bifurcate surface B passing through P . The system is perturbed
by a small flux of matter crossing the past horizon and entering the left wedge. For the derivation
to be valid, an infinite family of ξµ is actually considered, one per each direction.
Given this geometric set-up, the first step of Jacobson’s argument is to associate to the
Rindler horizon its Unruh temperature:
(i) T =
κ
2pi
, κ = constant. (41)
Next, three assumptions are made: first, that there is an energy flux through the horizon in
the near past of P , see Fig. 1, given by a conserved energy-momentum tensor Tµν :
(ii) ∆U :=
∫
H
Tµνξ
µlνdλd2S = −κ
∫
H
Tµνl
µlνλdλd2S, ∇µT µν = 0, (42)
where we used (40) and the constancy of κ. This energy flux will be interpreted thermody-
namically as a heat flux, ∆U = ∆Q. Second assumption, that there is a notion of entropy
variation associated to the horizon, which is (universally, i.e. independently of the matter
state) proportional to the area variation:
(iii) ∆S = η∆A = η
∫
H
θdλd2S, (43)
where θ is the expansion of horizon. This is controlled by the Raychadhuri equation for lµ,
dθ
dλ
= −θ
2
2
− σµνσµν −Rµνlµlν . (44)
The final, technical assumption made in [1] is that at P one can take θ = σµν = 0, and
approximate the solution of the Raychadhuri equation simply by θ = −λRµνlµlν + O(λ2).6
6 Vanishing of the initial expansion and shear are taken to be the equilibrium conditions necessary for
the upcoming application of Clausius relation. We find on the other hand the last approximation quite
strong in that it implies constant curvature, at least along the horizon’s generators. See Appendix C for
a discussion of this approximation, and an alternative derivation which uses perturbation theory in the
metric fluctuations.
10
Using this approximation,
∆S = −η
∫
H
λRµνl
µlνdλd2S. (45)
Finally, we observe that using (i− iii) and the approximation (45), the Clausius first law
of thermodynamics ∆Q = T∆S implies∫
H
(
2pi
η
Tµν −Rµν
)
lµlνλdλd2S = 0. (46)
Since this is valid for an arbitrary direction of the Killing boost and at any point, we can
remove the integral. The Einstein equations (with an undetermined cosmological constant)
then follow by imposing the conservation law ∇µTµν = 0. The Newton constant is identified
determined by G = 1/(4η).
B. The torsional case
In the Einstein-Cartan theory (1) the connection is a priori affine, and torsion can be
present, affecting the geodesic and Raychaudhuri equations. One may then think that the
argument above should be substantially revisited. As we now show, this is actually not the
case. The first observation we make is that the starting point of Jacobson’s argument, a
Killing horizon, is a purely metric notion:
0 = £ξgµν = ξ
α∂αgµν + gµα∂νξ
α + gνα∂µξ
α (47)
= 2
e
∇(µξν) = ∇(µξν) + T(µρν)ξρ.
Hence by definition, it does not depend on torsion, in spite of the apparent presence of the
latter in the last expression above. The constancy of κ on the approximate Rindler horizon
also follows like in the metric case from the vanishing of the metric Riemann tensor. Being
Killing and null, ξµ is automatically geodetic with respect to the Levi-Civita connection
(which we recall is always well-defined and at disposal since we are only interested in the
sector of Einstein-Cartan theory with invertible tetrads), so (39) still holds. Hence, we can
run most of the argument as in the metric case. Step (i) is unchanged. For step (ii), we
follow [1] and define the energy flux as the integral of the conserved energy-momentum
tensor. Proposition 1 identifies this object uniquely as T effµν defined in (22), with its torsional
dependence. Step (iii) is also unchanged: since the generators of the Killing horizon follow
the Levi-Civita geodesics (39), the change of the expansion of the generators is governed
by the Raychaudhuri equation (44) with the metric Ricci tensor Rµν(e) appearing on the
right-hand side. Imposing again the equilibrium Clausius relation ∆Q = T∆S with these
(i− iii), and using the same approximation (45), we arrive exactly at∫
H
(
2pi
η
T effµν −Rµν(e)
)
lµlνλdλd2S. (48)
We conclude that the torsion-full Einstein equations, in the form (21), can be derived à la
Jacobson from the equilibrium Clausius relation. No need to consider a torsion-full Ray-
chaudhuri equation, non-equilibrium terms and restrictions on torsion, as argued in [6] and
reviewed in the next Section. It suffices to use the result of Proposition 1 to identify the
correct energy-momentum tensor.
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There is however an important caveat to our procedure: we are assuming the torsion
equations to hold, since we used them to prove Proposition 1. This may look unsatisfactory,
since it is currently not known whether these equations can be derived from a thermodynam-
ical description. Our logic is that if such a description of the torsion equations exists, then
it is consistent to assume that they hold when deriving the Einstein equations. This said,
it is also possible that Proposition 1 holds off-shell of the torsion equations, so that these
are not needed to derive the Einstein equations. Nonetheless, one would still need to be
able to derive the torsion equations from thermodynamics for the whole framework to make
sense. Assuming them to hold seems thus to us coherent if a complete thermodynamical
framework exists. In any case, the main problem if one does not want to use the conserved
energy-momentum tensor is the ambiguity that one faces in defining it, see e.g. [12]. The
prescription used by the authors of [6] for instance, is to take what would be the source of
the Einstein equations, namely the derivative of the matter Lagrangian with respect to the
tetrad (or to the metric, equivalently up to a symmetrization). Notice that this can be tricky
in the presence of torsion, because one can work with either the first-order action S(g,Γ)
or the second-order action S(g, C). The field equations are completely equivalent since the
two actions are related by a (non-linear) field redefinition, however for the sources one has
T Γµν :=
2√−g
δLm(g,Γ)
δgµν
, (49)
TCµν =
2√−g
δLm(g, C)
δgµν
= T Γµν +
2√−g
δLm(g,Γ)
δΓαβγ
δΓαβγ
δgµν
. (50)
Both coincide with the general relativity energy-momentum tensor when torsion vanishes,
but differ in the presence of torsion. This type of ambiguity reminds us that using a conserved
energy-momentum tensor, when available, is always the best choice. We now show how this
ambiguity in turn affects the non-equilibrium approach to the derivation of the Einstein
equations.
C. Non-equilibrium approach
A more general setting including a non-vanishing shear has been considered in [3, 4]. In
this case the presence of additional terms on the right-most side of (43) is incompatible with
the equilibrium Clausius relation. Hence to run Jacobson’s argument one must assume that
there are non-equilibrium terms,
∆Q = T∆S + ∆Snon−equi. (51)
The interpretation of the shear-squared terms as non-equilibrium is justified a priori from
the horizon tidal heating effect [4]. It should be noticed however that the same shear-squared
terms enter both the T∆S and the ∆Snon−equi contributions, since one is still assuming (43),
that the entropy variation is proportional to the area variation. This feature seems to us
unusual from a thermodynamical perspective.
In any case, we now discuss the application of the non-equilibrium approach to deriving
the Einstein equations, which is more problematic. We start as before from the observation
that a Killing horizon is metric-geodetic, and use the same approximations leading to the
integrated metric Raychaudhuri equation (45), but this time allowing a non-zero shear in
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(44). Then from (51) we obtain
2pi
η
∫
H
T ??µνl
µlνλdλd2S =
∫
H
(
Rµν(e)l
µlν + σµνσ
µν
)
λdλd2S + ∆Snon−equi. (52)
The delicate point now is how to define the heat flux, namely what T ??µν needs to be used on
the left-hand side of the above equation. Clearly, the identification of the non-equilibrium
terms that will be needed to obtain the Einstein equations (21) depends on how we define
the energy-momentum tensor. If, as in the previous Section, the conserved one is used, the
only non-equilibrium term comes from the shear, which can then be argued for as in the
metric theory following [3, 4]. This shows how the derivation of the Einstein equations from
the conserved energy-momentum tensor and metric Raychaudhuri equation can be easily
extended to the presence of shear.
If we chose instead to define the heat flux via a source tensor, we would need additional
non-equilibrium terms in order to fully reproduce the Einstein equations (21). The crucial
point is whether they can be justified a priori as in the example of the tidal heating, else
the construction is artificial. The authors of [6] argue that this is possible, if (a) we choose
T ??µν = T
C
µν for the heat flux, and (b) we define the non-equilibrium terms as those arising
from the torsion-full Raychaudhuri equation that include torsion-full derivatives of lµ. There
are three problems that we can see with this construction. First, a Killing vector is metric-
geodesic, but in general not geodesic with respect to the torsion-full connection, since from
(13) we see that
ξν∇νξµ = κ ξµ − Cν,µρ ξνξρ = κ ξµ − Tν,µρ ξνξρ. (53)
For this reason, the authors of [6] restrict torsion to satisfy
Cν,µρξ
νξρ = 0. (54)
This restriction implies that metric and torsion-full geodesics coincides, and one can use the
geodesic torsion-full Raychaudhuri equation on the Killing horizon. But since the metric and
the torsion-full geodesic expansions also coincide,7 it follows that the torsion-full Raychaud-
huri equation is identical to the metric one. Therefore, it is unclear what one gains from
this approach, except for a restriction on torsion that in the equilibrium approach presented
in the previous Section is not necessary.8
Second, the identification of the non-equilibrium contributions as torsion-full covariant
derivatives of lµ is questionable: we are not aware of any proof that in a spacetime with
7 In the presence of torsion, the displacement of a vector qµ Lie dragged along ξµ is given by
ξν∇νqµ = Bµνqν , Bµν := ∇νξµ + Tµ,λνξλ =
e
∇νξµ + Cρ,µνξρ,
hence introducing the usual projector ⊥µν on a 2d space-like surface orthogonal to ξµ, we have
θ :=⊥µν Bµν =
e
θ. For the reader interested in more details on geodesics with torsion, see e.g. [15, 16].
8 Since in order to recover the Einstein equations we will need to consider arbitrary boost Killing vectors,
see discussion below (46), the restriction on torsion (54) should hold for any ξµ. This implies a strong
restriction on torsion, that can be satisfied for instance if it is completely antisymmetric. A priori it could
be possible to consider a relaxation of (54), allowing for a right-hand side proportional to ξµ rather than
vanishing, since this would only mismatch the inaffinity of metric and torsion-full geodesics. However we
don’t know whether the derivation of [6] can be extended to this case.
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torsion it is the torsion-full shear that gives the tidal heating. Furthermore, the condition
of vanishing initial expansion implies that at the point P we have ∇µlµ =⊥µν Tµ,νρlρ, mak-
ing some ‘non-equilibrium terms’ indistinguishable from terms without derivatives, as the
authors of [6] acknowledge in a footnote.
Third, there is the ambiguity associated with picking a non-conserved T ??µν , as discussed
before. Had we chosen the alternative source T Γ, which is also more natural from the
perspective of a metric-connection action, the same identification of non-equilibrium con-
tributions would not work, as it would miss the terms with covariant derivatives of the
contorsion in (21).
Summarizing, although the non-equilibrium approach has the advantage of allowing to
relax the assumption of an initial non-vanishing shear [3, 4], it is in our opinion ambiguous
when applied to gravity with torsion.
V. On the laws of black hole mechanics with torsion
As mentioned in the introduction, Jacobson’s derivation is inspired by the laws of black
hole thermodynamics. Having shown that the derivation works also in the presence of
torsion, at least as far as recovering the Einstein equations, the next question we considered
is what happens to the these laws.
We have recalled earlier that the surface gravity of the Rindler horizon is constant sim-
ply because the Riemann tensor vanishes. For a general horizon, constancy of the surface
gravity is the zeroth law, and its proof uses the Einstein equations and the dominant energy
conditions. In the presence of torsion, we can follow the proof with the equations (21), and
the only modification is that the dominant energy condition will be a restriction on the
effective energy-momentum tensor.
More interesting is the modification that occurs to the first law. To see this, let us consider
the ‘physical process’ version of the proof [7], in which an initially stationary black hole is
perturbed by some matter falling inside the horizon. For our generalization, we suppose
that the in-falling matter has spin and sources torsion, and that the metric and connection
satisfy the Einstein-Cartan field equations.
As in the metric case, we assume that all matter falls into the black hole, and that the
latter is not destroyed by the process, but settles down to a new stationary configuration
[7, 17]. These assumptions are motivated by the no-hair theorem and the cosmic censorship
conjecture, which keep their value also in a theory with non-propagating torsion. For exam-
ple, it is known that a compact ball of static or slowly spinning torsion-full Weyssenhoff fluid9
admits a solution which satisfies the junction conditions with an external Schwarzschild or
slowly rotating Kerr [19, 20].
Following [7], we use the linearized Einstein equation to study the effect on the horizon
geometry caused by the in-falling matter at first order in perturbation theory,
gµν = g
0
µν + hµν , Cρ,µν = cρ,µν . (55)
Being null and hypersurface orthogonal, the affine horizon generators are metric geodetic,
and their expansion is governed by the Raychaudhuri equation (44). The background gen-
erators lµ are proportional to the Killing generators ξµ satisfying lµ = −(λκ)−1ξµ, with
9 This is a single component of torsion (the trace part) generated by the gradient of a scalar [18].
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constant κ by the zeroth law. They have vanishing shear and expansion, giving therefore at
first order
d
dλ
δθ = −δRµν(h)lµlν . (56)
Integrating along the horizon H from the bifurcation surface B to a cut S∞ at future null
infinity, we have for the total area variation
∆A =
∫
H
δθ dλd2S =
∫
H
δRµν(h)l
µlν λdλd2S, (57)
where we integrated by parts and used that λ|B = 0 since ξµ|B = 0, and that θ|S∞ = 0 by
the late time settling down assumption.
In the standard particular case of torsion-less matter with conserved energy-momentum
tensor Tµν , we have from the linearized Einstein equations∫
H
δRµν(h)l
µlν λdλd2S = 8pi
∫
H
δTµν(h)l
µlν λdλd2S. (58)
At this order, we can substitute lµ = −(λκ)−1ξµ in the right-hand side integrand
− 8pi
κ
∫
H
δTµν(h)ξ
µlν λdλd2S =
8pi
κ
∫
H
δTµν(h)ξ
µ dHν =
8pi
κ
(∆M − ΩH∆J), (59)
where in the first equality we used that fact the future-pointing volume form on H is
dHµ = −lµdλd2S, and in the second the explicit expression ξµ = ∂µt + ΩH∂µφ as well as
the definitions of ∆M and ∆J used in [7]. We conclude that the linearized Einstein equa-
tions imply the first law of perturbations around a stationary black hole,10
∆M =
κ
8pi
∆A+ ΩH∆J. (60)
For torsion-generating matter, we can follow exactly the same procedure, the only dif-
ference being that we use the Einstein-Cartan equations (21) with the conserved effective
energy-momentum tensor on the right-hand side. The first law follows as before but with
new mass and angular momentum variations
∆M − ΩH∆J =
∫
H
δT effµν (h)ξ
µ dHν (61)
10 To make contact between this ‘physical process’ version of the first law, and the one in terms of ADM
(Arnowitt-Deser-Misner) charges, recall that since we are assuming all matter to be falling in the black
hole, the integral along the horizon equals the integral on a space-like hypersurface Σ extending from B
to a 2-sphere S∞ at spatial infinity i0. Using again the Einstein equations and the explicit form of the
conserved Noether current (see [21], here κ is the Komar charge and Θ the Einstein-Hilbert symplectic
potential) we find∫
H
δTµν(h)ξ
µdHν =
∫
Σ
δTµν(h)ξ
µdΣν =
∫
S∞
(kξ −Θyξ)−
∫
B
kξ = ∆MADM − ΩH∆JADM ,
where the final result follows from a standard calculation with ξµ = ∂µt + ΩH∂
µ
φ . See [22] for a derivation
of the first law with covariant Hamiltonian methods for Einstein-Cartan theory. We remark that while
completing our paper, similar considerations on the role of torsion in the first law appeared in [23], albeit
with what seems to us a particular matter Lagrangian.
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determined by the torsion-dependent T effµν . This is consistent with the results of [20] men-
tioned above, where the mass of the external Schwarzschild has a torsion contribution from
an effective energy density profile of the static Weyssenhoff fluid compatible with the formula
above.
Following the same approach of treating the effect of torsion as an effective energy-
momentum tensor, we can conclude that also the second law of black hole mechanics is still
valid, provided the required restrictions on the energy-momentum tensor of matter [2] are
applied to the effective tensor (22).
As for the more elusive third law, a discussion would require a prior understanding of
extremal black holes in the presence of torsion, which lies beyond the scope of this paper.
VI. Conclusions
Prompted by the analysis of [6], we looked at one aspect of conservation laws in Einstein-
Cartan theory. In the sector of invertible tetrads, where one can choose to split the connec-
tion into the Levi-Civita one plus a contorsion tensor, it is immediate to identify a conserved
energy-momentum tensor T eff for matter from the Einstein equations. We showed in our pa-
per that T eff can be derived without using the Einstein equations, starting instead from the
Noether identities associated with the gauge and diffeomorphism invariance of the matter
Lagrangian, and relating them through the torsion equations.
Thanks to this result, we were able to reproduce Jacobson’s thermodynamical argument
[1], and derive the Einstein equations from the equilibrium Clausius relation. Our derivation
is much simpler than the one proposed in [6], and does not require non-equilibrium terms
nor any restriction on torsion. On the other hand, like in [6], we are only able to derive the
tetrad Einstein equations from a thermodynamical argument, and not the torsion equations
as well. This remains an open question in order to truly extend Jacobson’s argument to
theories with independent metric and connection.
For our construction, we used first the equilibrium set-up of [1], in particular the initial
shear vanishes. Non-equilibrium terms have been advocated in order to relax this assumption
[3–5], and the same can be done in the presence of torsion: we showed that one can treat
the shear alone as non-equilibrium, and still derive the torsion-full Einstein equations with
all the torsional dependence coming from the equilibrium part.
On the other hand, non-equilibrium terms could become crucial if one were able to go
beyond Einstein-Cartan theory, and apply a thermodynamical reasoning to derive the field
equations of modified theories of tetrad and connection with higher order terms, which
typically include propagating torsion (and associated ghosts, see e.g. [24]). It could be
interesting if the dissipation present in this case would be associated with dissipation of
energy to the torsional degrees of freedom. From this perspective, as well as the perspective
of possibly recovering the torsion field equations from a thermodynamical argument, it
could be intriguing to consider existing condensed matter models in which dissipating lattice
defects introduce torsion [25].
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A. Conventions
We take ˜µνρσ as the completely antisymmetric spacetime density with ˜0123 = 1, and
˜µνρσ˜µνρσ = −4!. It is related to the volume 4-form by
 :=
1
4!
µνρσdx
µ ∧ dxν ∧ dxρ ∧ dxσ, µνρσ :=
√−g ˜µνρσ. (A.1)
We define the Hodge dual in components as
(?ω(p))µ1..µ4−p :=
1
p!
ω(p)α1..αpα1..αpµ1..µ4−p . (A.2)
For the internal Levi-Civita density IJKL we refrain from adding the tilde. We use the
same convention, 0123 = 1, so the tetrad determinant is
e = − 1
4!
IJKL˜
µνρσeIµe
J
ν e
K
ρ e
L
σ , (A.3)
and we take e > 0 for a right-handed tetrad.
Curvature and torsion are defined by
F IJ(ω) = dωIJ + ωIK ∧ ωKJ , T I(e, ω) = dωeI , (A.4)
where dω is the covariant exterior derivative, whose components we denote by Dµ, to dis-
tinguish them from the spacetime covariant derivative ∇µ with affine connection Γρµν . The
relation between the connections on the fiber and on the tangent space is given by
Dµe
I
ν = Γ
ρ
µνe
I
ρ, ω
IJ
µ = e
I
ν∇µeνJ (A.5)
for ω and Γ general affine connections, plus the metricity condition DµηIJ = 0. The com-
patibility of the internal covariant derivative and the tetrad means that Dµf I = eIν∇µf ν
and so on.
The commutators of the covariant derivatives satisfy:
[Dµ, Dν ]f
I = F IJµν(ω)f
J , (A.6)
[Dµ, Dν ]f = −T ρµν(e, ω)∂ρf, (A.7)
[∇µ,∇ν ]fρ = Rρσµν(Γ)fσ − T σµν∇σfρ, (A.8)
where
Rρσµν(Γ) = eIρeJσF
IJ
µν (ω) T
ρ
µν(Γ) = e
ρ
I T
I
µν(ω). (A.9)
Finally, torsion and contorsion are related by
T ρµν := e
ρ
I T
I
µν(e, C) = −2C[µ,ν]ρ = 2Γρ[µν] ⇔ Cµ,νρ =
1
2
Tµ,νρ − T[ν,ρ]µ. (A.10)
Both torsion and contorsion have spinorial decomposition (3
2
, 1
2
)⊕ (1
2
, 3
2
)⊕ (1
2
, 1
2
)⊕ (1
2
, 1
2
),
which corresponds to three irreducible components under Lorentz transformations (since the
latter include parity). They can be defined as follows [26],
Cµ,νρ = C¯µ,νρ +
2
3
gµ[ρCˇν] + µνρσCˆσ, (A.11)
gµνC¯
µ,νρ = 0 = µνρσC¯
µ,νρ, Cˇµ := Cν,
µν , Cˆσ :=
1
6
σµνρC
µ,νρ. (A.12)
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B. Index jugglers
In this Appendix we prove Proposition 1, namely that the matter Noether identities (27)
on-shell of the matter field equations, plus the torsion field equation (12b), imply the con-
servation law for the effective energy-momentum tensor (29), reported here for convenience
dω(e)
[
?τI +
1
16pi
PIJKL(e
J ∧ dω(e)CKL + eJ ∧ CKM ∧ CML)
]
= 0, (B.1)
namely,
dω(e) ?τI =
1
8pi
PIJKL
(
eJ ∧ CKM ∧ FML(e) + eJ ∧ dω(e)CKM ∧ CML
)
. (B.2)
To prove this identity, we start from (27b). On the left-hand side, we split the connection
into Levi-Civita plus contorsion, see (13), obtaining
dω ?τI = dω(e) ?τI − (CJKyeI)eK ∧ ?τJ + T JyeI ∧ ?τJ (B.3)
where we used
T I = CIJ ∧ eJ → CIJ = −(CJKyeI)eK + T JyeI . (B.4)
In the second term of the right-hand side of (B.3) we use the second Noether identity (27a),
whereas the last term cancels the corresponding one on the right-hand side of (27b), which
then reads
dω(e) ?τI =
1
2
F JK(ω)yeI ∧ ?σJK − 1
2
(CJKyeI)dω ?σJK
=
1
16pi
[
F JK(ω)yeI ∧ −(CJKyeI)dω
]
PJKLMe
L ∧ CMN ∧ eN
=
1
16pi
[(
F JK(e) + dω(e)C
JK
)
yeI ∧ −(CJKyeI)dω(e)
]
PJKLMe
L ∧ CMN ∧ eN .
(B.5)
In the second equality above we eliminated the torsion source using the corresponding field
equation (17). In the third equality we expanded the curvature using the contorsion, see
(15), and observed that the piece quadratic in C cancels the contorsion part of the exterior
derivative in the last term.11
Having performed these simplifications, our goal is to show the equivalence of the right-
hand sides of (B.2) and (B.5). This will follow from the equivalence of the terms with the
Riemann tensor F IJ(e), and the equivalence of the terms involving the Levi-Civita exterior
derivatives. Both are consequences of trivial algebraic symmetries. Let us show them one
by one. We notice in advance the following useful cycling identities:
PIJKLe
K ∧ FLM ∧ eM = −PABC[IeA ∧ FBC ∧ eJ ], (B.6)
PIJKLF
KM ∧ CML = −PABC[IFAB ∧ CCJ ], (B.7)
11 Following the same steps but without eliminating the torsion source in favour of the contorsion one gets
(30) in the main text, which does not use the torsion field equations but only the Noether identities.
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which are easy to check.
To show the equivalence of the terms with the curvature, we start hooking a cotetrad
vector field on a trivially vanishing 5-form,
0 =
(
PJKLMF
JK(e) ∧ eL ∧ CMN ∧ eN
)
yeI
= PJKLMF
JK(e)yeI ∧ eL ∧ CMN ∧ eN + PJKIMF JK(e) ∧ CMN ∧ eN
− PJKLM(CMNyeI)F JK(e) ∧ eL ∧ eN + PJKLMF JK(e) ∧ eL ∧ CMI . (B.8)
Of these four terms, the third vanishes identically: its 1/γ part directly through the algebraic
Bianchi identities for the Riemann tensor, the other part because of the antisymmetry in
the LP indices. The second and fourth terms recombine giving the left-hand side of (B.7),
hence (B.8) gives
2PIJKL F
KM(e) ∧ CML ∧ eJ = PJKML (F JK(e)yeI) ∧ eL ∧ CMN ∧ eN , (B.9)
which proves the equality of the curvature terms of (B.2) and (B.5).
The equivalence of the dω(e)C terms follows analogously. We hook the following 5-form,
0 =
(
PJKLMC
JK ∧ eL ∧ dω(e)CMN ∧ eN
)
yeI
= PJKLM(C
JKyeI)eL ∧ dω(e)CMN ∧ eN − PJKIMCJK ∧ dω(e)CMN ∧ eN
+ PJKLMC
JK ∧ eL ∧ dω(e)CMNyeI ∧ eN + PJKLMCJK ∧ eL ∧ dω(e)CMI . (B.10)
Using an identity like (B.7), the second and fourth term give
PJKM [IC
JK ∧ dω(e)CMN ] ∧ eN = −2PIJKL ∧ eJ ∧ dω(e)CKM ∧ CML. (B.11)
For the third term we have
PJKLMC
JK ∧ eL ∧ dω(e)CMNyeI ∧ eN = −PJKLMdω(e)CMNyeI ∧ eL ∧ CJK ∧ eN (B.12)
= PJKLMdω(e)C
JKyeI ∧ eL ∧ CMN ∧ eN ,
which follows from a similar cycling identity as before. Hence, (B.10) gives
2PIJKL ∧ eJ ∧ dω(e)CKM ∧ CML = PJKLMdω(e)CJKyeI ∧ eL ∧ CMN ∧ eN (B.13)
+ PJKLM(C
JKyeI)eL ∧ dω(e)CMN ∧ eN ,
which proves precisely the equivalence between the dω(e)C terms in (B.2) and (B.5).
C. Horizon heat flux
In this Appendix we discuss some details of Jacobson’s thermodynamic argument, and
consider a different derivation motivated by the (backwards) similitude with the physical
process proof of the first law of black hole thermodynamics. Let us first review the physical
set-up and its thermodynamical interpretation. With reference to Fig. 1, we see that from
the perspective of the boosted observer the energy flux is coming out of its ‘white hole
horizon’, or as the authors of [5] put it, ‘one has to think of the heat as going into a reservoir
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B
ξµ
Tµν
FIG. 2: The set-up thermodynamical derivation of Einstein’s equation as proposed in [5]. Lo-
cal flatness allows to consider approximate Rindler observers ξµ around any point P of a given
spacetime. The associate Rindler horizon has bifurcate surface B passing through P . The system
is perturbed by a small flux of matter crossing the future horizon and leaving the right wedge. An
infinite family of ξµ is actually considered, one per each direction.
which is behind the horizon’. We suppose this must be the reason why (42) is defined with
a minus signs with respect to the outgoing energy flux (the future-pointing integration is
dHµ = −lµdλd2S, as we used in Section V). An alternative set-up was presented in [5], see
Fig. 2, placing the energy flux in the future of the bifurcation surface, so to have the boosted
observer seeing it falling into its Rindler horizon. Spacetime is initially flat, in particular
θ = σµν = 0 at the bifurcation surface. With the same approximations used in (45) (i.e.
constant curvature at first order in the affine parameter from B), one can again derive the
Einstein equation from the Clausius relation. The physical interpretation of the Clausius law
is the same: there is a negative energy flux which corresponds to a reduction in entropy, and
assuming an entropy universally proportional to the area this translates into the focusing of
geodesics. But now the initial heat reservoir is within the domain of causality of the boosted
observer, which is an appreciable feature to have.
Within this ’11 set-up, the analogy between the argument and the first law is manifest,
and it suggests an alternative procedure, with the advantage of relaxing the constant cur-
vature approximation, at the price of an additional assumption. Consider the same set-up
of Fig. 2, but let us assume this time that spacetime is initially arbitrary, and that long
enough after the flux has crossed and perturbed the horizon, the latter ‘settles down’ to
Rindler again. This is an assumption, which in the case of the first law is motivated by
the no-hair theorem; it has no corresponding backing-up in the case of a Rindler horizon
that we know of, but we observe that the same assumption is used to derive the results of
[28, 29]. We can then treat the Raychaudhuri equation not at first order in l, which implies a
constant curvature, but at first order in the metric perturbations, with small but otherwise
arbitrary curvature along the horizon. Thanks to the assumption of Rindler behavior at
later times we can obtain the area variation integrating by parts as in (57) in the main text,
without needing to know the explicit solution to the Raychaudhuri equation.
Then, using the same steps (i − iii) (with a small energy-momentum tensor δTµν),
but replacing (45) with (57), we can again derive the Einstein equations. This alterna-
tive derivation has the nice feature, to our taste, of not requiring constant curvature and
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energy-momentum tensors, with the consequence of making all dλ integrations really not
significative. However it can hardly be considered a more solid derivation, as we initially
hoped, because of the ad hoc ‘Rindler stationarity’ assumption at late times. This could
be removed if we reverse the boundary conditions, and required that spacetime is initially
Rindler, namely at B, and can be arbitrary at later times. However the derivation does not
work unfortunately, unless curvature is constant again, which is what allows the authors of
[5] to reverse boundary conditions with respect to [1].
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